The gravity dual of β-deformed ABJM theory can be obtained by a TsT transformation of AdS 4 × CP 3 . We present a supercoset construction of CP 3 to obtain this gravity dual theory as a Yang-Baxter deformation. This is done by selecting a convenient combination of Cartan generators in order to get an Abelian r-matrix satisfying the classical Yang-Baxter equation. Our results provide another illustration of the relation between Abelian r-matrices and TsT transformations.
Introduction
Gauge/gravity duality is certainly one of the most important properties of systems involving quantum gravity. The original proposal establishes a correspondence between Type IIB superstring theory in AdS 5 × S 5 and N = 4 super-Yang-Mills theory in four dimensions [1] . Also, there is no doubt that integrability has become one of the most useful tools to study both sides of the correspondence. It started when a Lax pair for the string theory side was constructed [2] . The Z 4 automorphism of the psu(2, 2|4) algebra proved to be a key ingredient for integrability. However, a full proof of classical integrability, that is, the existence of an infinite number of conserved charges in involution, was only found later on [3, 4] .
Integrability is not a very common property of two dimensional field theories. Furthermore, there is no systematic way to prove whether a theory is integrable or not. For this reason, relating the original superstring sigma model to deformed versions of it which still preserve the integrable structure is quite remarkable. A very important class of deformations, the so called β-deformations associated to a marginal deformation of N = 4 super-Yang-Mills theory, gives rise to strings moving in Lunin-Maldacena backgrounds [5] . These deformed models are also integrable [6, 7] and a systematic way of constructing the gravity dual of these gauge theories using TsT transformations was developed [8] .
Another important type of integrable deformation associated to string theory sigma models [9] makes use of r-matrices, that is, linear operators satisfying the modified classical Yang-Baxter equation (mCYBE) [10, 11] . The first kind of r-matrices that were used are of the Drinfield-Jimbo type and they allowed the determination of the background fields for these models [12] [13] [14] . Integrable deformations can also be found if the r-matrices satisfy the classical Yang-Baxter equation (CYBE) [15] . In this case it is possible to find partial deformations, that is, either AdS 5 or S 5 is deformed in the AdS 5 × S 5 case. Furthermore, using these kind of deformations, it is possible to show that Lunin-Maldacena backgrounds have an algebraic origin [16] 1 . In fact, the connection between Abelian r-matrices and TsT transformations for string theory sigma models has been observed in many situations [20] [21] [22] [23] [24] [25] and proven recently [26] . Moreover, it has been suggested [27] and then demonstrated in general [28, 29] that Yang-Baxter deformations are equivalent to non-Abelian duality transformations for superstring sigma models.
Another well known gauge/gravity duality is for the AdS 4 /CF T 3 case which establishes a correspondence between Type IIA superstring theory in AdS 4 × CP 3 and N = 6 superconformal Chern-Simons-matter theory [30] . Many properties of superstrings in AdS 5 × S 5 can be extended to the AdS 4 × CP 3 counterpart. In particular, both of them admit a supercoset description with Z 4 grading so that many integrability aspects are similar [31] . As a consequence, all of the analysis that lead to the formulation of Yang-Baxter deformations in AdS 5 × S 5 can in principle be extended to AdS 4 × CP 3 . Evidence for this is the fact that
TsT transformations can also be used to construct the gravity dual of β-deformations of the ABJM theory [8] . The present work is devoted to show that Yang-Baxter deformations can also be used to construct these deformed backgrounds thus exhibiting their algebraic r-matrix origin.
The usual coset description of AdS 4 × CP 3 is given by
However, the CP 3 metric that is obtained from this coset does not exactly match the standard Fubini-Study metric [32] . Furthermore, the parametrization using generators of SO(6) which are 6 × 6 matrices turns out to be very intricate turning computations quite messy. The solution proposed in this paper is to modify the coset describing the CP 3 part of the sigma model to
This description is analogous to the one performed in the analysis of Yang-Baxter deformations of T 1,1 [33] . As we will show, it is possible to embed some of the generators of u(3) ⊕ su(2) into su(4) ⊕ su(2), giving rise to an orthogonal basis that can be used to get the standard Fubini-Study metric of CP 3 .
This paper is organized as follows. In section 2 we show how to obtain the standard CP 3 metric as discussed above. In section 3 we present the appropriate combinations of Cartan generators needed to get the Yang-Baxter deformation of our coset. Finally, in section 4, we present some concluding remarks. Appendix A reviews the usual coset construction of CP 3 while in Appendix B we present our conventions and collect useful formulae for su(4).
Coset construction of CP

3
There are only two superstring sigma models with vanishing β-function in ten dimensional semi-symmetric spaces, AdS 5 × S 5 and AdS 4 × CP 3 [34] . Like AdS 5 × S 5 , AdS 4 × CP 3 is classically integrable and admits a coset formulation [31, 35, 36] . In this section we will briefly review some of its main properties. 
Superstrings in
where α, β are world-sheet indices, the metric and the Levi-Civita tensor are γ αβ = diag(−1, 1) and αβ = 1, respectively, and R is the radius of
, is the usual Maurer-Cartan current.
One important and subtle aspect of this formulation is that the supercoset (1.1) only has 24 fermionic directions which is the number of supersymmetries preserved by the background. In ten dimensions, the Green-Schwarz superstring is built using two Majorana-Weyl fermions with a total of 32 degrees of freedom. Thus, the coset description of AdS 4 × CP 3 is missing 8 fermions and, therefore, lacks the correct amount of supersymmetry of usual GS superstrings. We can go around this problem arguing that the 8 missing fermions are part of the 16 fermionic degrees of freedom that are removed by κ-symmetry. In this way the coset (1.1) can be thought of as a model with partially fixed κ-symmetry [31, 37] .
Let us consider the geometrical structure of AdS 4 × CP 3 . The metric can be split in two terms
with the factor 1/4 being due to the fact that the radius of CP 3 is twice the radius of AdS 4 .
In global coordinates the metric for AdS 4 reads
3)
where (θ 1 , ϕ 1 ) and (θ 2 , ϕ 2 ) parametrize two spheres, the angle 0 ≤ ξ < π/2 determines their radii, and the angle 0 ≤ ψ < 2π corresponds to a U (1) isometry.
Supercoset construction of CP
3
As we have discussed in the introduction, the usual coset representation of CP 3 is not convenient to formulate a Yang-Baxter sigma model. Instead let us consider the following coset 2
The basis of su(4) ⊕ su(2) that we will consider is composed of su (4) generators denoted by L m (m = 1, ... , 15) and su(2) generators denoted by M a (a = 1, 2, 3). As we have discussed, the usual construction of CP 3 as a coset involves a representation of the generators as 6 × 6 bosonic matrices. Instead of that we will choose (4|2) × (4|2) supermatrices in the fundamental representation of su(4) ⊕ su(2)
where λ m are the conventional 4 × 4 su(4) generators generalizing the Gell-Mann matrices of su (3) 3 , while σ a are the usual 2 × 2 Pauli matrices. The commutation relations and the supertraces are
where f p mn are the structure constants of su(4) while for su(2) we normalize 123 = 1. We notice that the Cartan generators of su(4) ⊕ su(2) are given by L 3 , L 8 , L 15 and M 3 . We will make use of these generators to construct r-matrices in the next section.
We will now show that our coset construction (2.5) does indeed reproduce the CP 3 metric. In order to get the Fubini-Study metric for CP 3 we first redefine some of the generators of the basis of su(4) ⊕ su(2). The following combination of the generators L 6 ⊂ u(3) and M 1 ⊂ su(2) turns out to be very convenient
The coefficients of T 2 have been fixed to reproduce exactly the CP 3 metric. The orthogonal basis for su(4) ⊕ su(2) after this embedding is
where L m runs through all the basis of su(4) except for L 6 and L 9 , and H is defined as [33] . 3 For a complete review of the representations of su(4) see [38] .
With these redefinitions, and in order to write an appropriate coset parametrization of (2.5), we consider the following orthogonal basis
where, for the sake of simplicity, we have renamed the generators as
Using (2.8) and (2.12) we find
As it can be seen from (2.13), the
We will use the basis (2.13) to parametrize
We can now write an appropriate coset representative which will allow us to get the desired CP 3 metric. It is given by
where L is given by
Then we can write a Lie algebra element of su(4) ⊕ su(2) by using the Maurer-Cartan one form A = g −1 d g. In order to write the metric we need to project out all of the components proportional to generators of u(3) ⊕ su(2) in the Maurer-Cartan form. To this end let us define the projector
where in the first line the summation runs over i = 1, 2, 3, 4, 5, 7, 8, 15. Then the metric for CP 3 (2.4) can be obtained from the following symmetric Lagrangian One of the most interesting techniques to deform sigma models is the η-deformation based on r-matrices satisfying the Yang-Baxter equation. It was originally developed for the principal chiral model [10, 11] and then generalised to coset sigma models [39] . It should be noticed that this deformation can also be applied to non integrable field theories [33] . This deformation technique can be straightforwardly applied to type IIA superstrings moving in AdS 4 × CP 3 because it has the same structure as the Metsaev-Tseytlin superstring in AdS 5 × S 5 . This will be done in this section. 
where the operator O, that depends on the deformation parameter η, is given by
The projector P is given in (2.18) while R g is
where g is a coset representative, and the linear operator R is an r-matrix satisfying the classical Yang-Baxter equation. This operator can also be written in tensorial notation as
where a i and b i denote elements of the basis for su(4)⊕su(2) and the r-matrix is constructed using these generators as
In order to extract the background fields from the Lagrangian (3.1) we need to find the action of R g on each generator of the basis (2.13). This can be written as
where P m are defined in (2.14) and the dots stand for generators of u(3) ⊕ su(2) which can be ignored because they will be projected out by P .
The action of the operator (3.2) can also be computed in a similar way
where again the dots represent terms that will be projected out. Combining equations (3.6) and (3.7) it is easy to find the relation between the coefficients Λ n m and K n m
which can be solved for K n m . In matrix notation the solution is
The Maurer-Cartan current A α can now be expanded in the basis (2.10). However, as we have discussed in section 2, the operator P will project the current to the basis (2.13)
Using (3.7) and (3.10) in (3.1) we finally get
where the coefficients K (mn) and K [mn] are the symmetric and antisymmetric parts of the matrix (3.9). The metric and the antisymmetric field can then easily be read off from (3.11). Finally, the last step is the choice of an r-matrix. The most natural choice are the so called Abelian r-matrices which are basically constructed out of Cartan generators. There are four Cartan generators in su(4) ⊕ su (2) , that is, L 3 , L 8 , L 15 and M 3 . In order to get a three parameter deformation we make the choice
where L is a linear combination of Cartan generators defined in (2.17) and µ 1 , µ 2 and µ 3 are arbitrary parameters. The action of the operator R g on each of the generators (2.13) is given by (3.6) . Using the coset parametrization (2.16) together with definitions (3.3) and (3.4) it can be shown that the only non-vanishing components of the deformation matrix Λ n m are
13) 4 We should stress that despite of the notation being used E m α does not represent the usual vielbein of CP 3 but rather the coefficients in front of each of the generators in the third and fourth lines of (2.18).
while the non-vanishing elements of K n m are
where
Using these results in (3.11) we can find the symmetric and antisymmetric parts of the deformed Lagrangian
If we defineγ
we can read the metric and antisymmetric fields 20) which are in complete agreement with the three-parameter deformation of AdS 4 × CP 3 which was obtained using TsT transformations [8] . As a consequence we have shown that the three-parameter deformation arises naturally from Yang-Baxter deformations having an algebraic origin given by the r-matrix (3.12).
Concluding remarks
In this paper we have derived the metric and B field of β deformed type IIA AdS 4 × CP The procedure developed here can also be applied to other situations. As it is well known, Yang-Baxter deformations lead to supergravity backgrounds only if the associated r-matrix is unimodular [41] . Abelian r-matrices trivially satisfy the unimodularity condition and they are related to TsT transformations [26] . In particular, the gravity dual of canonical non-commutative super Yang-Mills theory can also be obtained using Abelian r-matrices [20] . On the other hand, non-Abelian r-matrices can be unimodular or not. Yang-Baxter deformations related to unimodular non-Abelian r-matrices have been interpreted as the gravity dual of some non-commutative gauge theory [42, 43] . The gravitational duals of non-commutative and dipole deformations of ABJM theory found in [8] can, in principle, be obtained as Yang-Baxter deformations. In particular, an extension of our coset parametrization could be built to include deformations of the AdS 4 part in order to compute dipole deformations. Apart from that, as it was shown in the supercoset construction of AdS 5 × S 5 [14, 44] , it seems possible to generalize our results to reproduce the two and four form Ramond-Ramond fluxes that appear in β deformed AdS 4 × CP 3 but we will leave that for a future work.
A Usual parametrization of CP 
where the six matrices T i appearing in the equation above are Lie algebra generators of so(6) along the CP 3 directions which can be written as follows
Here E ij denote matrices with a unit entry in the i th row and j th column, all other entries being zero. The matrices T i are normalized as follows
The nine generators of u(3) inside so(6) can be written as [T i , T j ]. Of course only nine of these combinations are linearly independent. Quite remarkably the matrix (A.1) obeys the following identities
Thus, a Lie algebra element A parametrizing the coset space AdS 4 ×CP 3 can be represented in the following way
Here Γ u are gamma matrices satisfying the Clifford algebra of so(3, 1).
In particular, an SO(6) matrix parametrizing the coset space SO(6)/U (3), and therefore CP 3 , can be obtained by exponentiating the generic element (A.1). The exponential of the matrix can be computed by using the identities (A.7), and gives a coset representative of the following form A list of non-vanishing structure constants can be found in [38] . In this representation the Cartan generators are given by λ 3 , λ 8 and λ 15 .
